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Abstract 

The high-energy behavior of N = 4 SYM elastic amplitudes at strong coupling is 
studied by means of the AdS/CFT correspondence. We consider the eikonal method 
proposed by Janik and one of the authors, where the relevant minimal surface is 
a "generalized helicoid" in hyperbolic space ("Euclidean AdSs"), from which the 
physical amplitude is obtained after an appropriate analytic continuation. We then 
compare our results with those obtained, using a minimal surface in AdS$ momen- 
tum space, by Alday and Maldacena for gluon-gluon scattering, and by Barnes and 
Vaman for quark-quark scattering ( "Alday-Maldacena approach"). Exploiting a 
conformal transformation, we show that the eikonal amplitudes are dominated by 
the Euclidean version of the cusp contribution found in the Alday-Maldacena ap- 
proach. The amplitudes in the two approaches are of Regge type at high-energy and 
with the same logarithmic Regge trajectory independently of the kind of colliding 
particles, in agreement with the expected universality of Regge trajectories. 
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1 Introduction 



The AdS/CFT correspondence [T] is a powerful non-perturbative tool, which has been 
exploited in the study of a variety of problems in M = 4 supersymmetric Yang-Mills 
theory (SYM) at strong coupling. In recent years, a lot of work has been done regarding 
scattering amplitudes. In Refs. [2J [3] , Alday and Maldacena have shown how to obtain 
the n-gluon scattering amplitude in M = 4 SYM in this framework, by finding a minimal 
surface, corresponding to a classical string solution, with polygonal boundary in AdS§ x S 5 . 
In particular, they have solved analytically the minimal surface problem in the four-gluon 
case p], so obtaining a fully analytic expression for the gluon-gluon elastic scattering 
amplitude. Their method has been extended to quark-quark scattering in Refs. |IJ[5j|6]. In 
these works, quarks are introduced as Af=2 hypermultiplets on the field theory side, thus 
modifying the dynamical content of the theory, which requires the introduction of extra 
structure, namely D7-branes, in the dual gravitational description. The D7-branes are 
then treated in the probe approximation, neglecting their backreaction, which corresponds 
to compute the field theory amplitudes in the quenched approximation, i.e., treating the 
quarks as external probes. In particular, the authors of Ref. j6] obtain an exact solution 
to the minimal surface problem relevant to quark-quark elastic scattering, and although 
the area of the surface cannot be expressed in closed form, an explicit expression can be 
obtained in the limit of small quark masses. 

A different method to compute scattering amplitudes through the AdS/CFT corre- 
spondence had been previously proposed in Refs. [7J El |9], in order to evaluate the high- 
energy scattering amplitude for external quarks. This method is based on the eikonal 
approximation and the Wilson-line formalism for high-energy amplitudes [TUl dH IT2"] [T5], 
and on analytic continuation to Euclidean space [HI [151 HI 02] • ^ n this case, no new 
dynamical degree of freedom is added on the field theory side, so that no extra structure 
has to be introduced in the dual gravitational description. Quarks are treated directly 
from the onset as external particles coupled to the gauge (and scalar) fields of the M — 4 
theory. In this approach, the scattering amplitude is obtained from the correlation func- 
tion of two Wilson lines running along the eikonal trajectories of the quarks. Through 
analytic continuation and gauge/gravity duality, this correlation function is related to the 
area of a minimal surface in Euclidean AdS$ (i.e., hyperbolic space), whose boundaries 
are two straight lines, corresponding to the Euclidean trajectories of the quarks. The 
relevant minimal surface thus corresponds to a "generalized helicoid" [5] in the AdS back- 
ground, characterized by the impact-parameter distance between the quarks and by the 
opening angle 9 of the boundary. After analytic continuation back into Minkowski space, 
one obtains the impact-parameter amplitude at given high enough rapidity x- However, 
the expressions obtained in [8] were not complete, suffering from the lack of knowledge 
on the exact analytic form of the "generalized helicoid" . One goal of the present paper 
is to go further in the eikonal approach, in order to go beyond the approximations made 
in [8], and so obtain a more refined result. 

One major interest of the eikonal method is that it can be extended to non-conformal 
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backgrounds [HO [18], corresponding to generic non-conformal gauge field theories, where 
using general features of gauge/gravity duality it leads in this case to Regge amplitudes 
with linear trajectory. Our aim in the present study is to look for Regge behavior of 
amplitudes in the conformal case of TV = 4 SYM by using this method. 

Indeed, the high-energy behavior of scattering amplitudes has been analyzed for a long 
time in terms of Regge amplitudes, both from the phenomenological and the theoretical 
point of view (see e.g. Ref. [IH]). As it is well known, the Regge behavior is a remark- 
able property of Yang-Mills theories in the perturbative regime. However, the issue of 
Regge behavior of high-energy amplitudes at strong coupling requires different tools, and 
the AdS/CFT correspondence seems to be well suited for this purpose. In the case of 
gluon-gluon scattering, the analysis of the high-energy behavior has been carried out in 
Refs. [20j EI], based on the Alday-Maldacena result of Ref. [2], and on dual conformal 
symmetry [22] and the all-order BDS ansatz of Ref. [23], showing indeed the Regge nature 
of the amplitude (which in particular is Regge-exact in the s-channel [21] )• This analysis 
can be easily extended to the results of Ref. [5J, which will allow us to discuss the issue 
of universality of Regge amplitudes in M = 4 SYM at strong coupling. On the other 
hand, the comparison with the results obtained in the eikonal approach allows to check 
the compatibility of the two methods, which are based on very different constructions, 
and thus provide a nontrivial test for the validity of the eikonal approach. This is very 
important in view of the application of the eikonal approach to QCD, where an analogue 
of the Alday-Maldacena approach is not currently available, and moreover allows to look 
at the universality problem in a different way. 

The plan of the paper is the following. In Section 2, we give a brief review of the two 
methods for approaching the high-energy behavior of M = 4 SYM amplitudes, namely the 
Alday-Maldacena approach of Ref. [2], and the eikonal approach of Ref. [8]. In Section 
3, we investigate in detail the minimal surface related to gluon-gluon scattering obtained 
by Alday and Maldacena. In particular, the IR boundary of this solution is analyzed, 
together with the UV boundary of a corresponding solution in Euclidean AdS$, generated 
by analytic continuation. In Section 4, we investigate the high-energy domain of the 
Alday-Maldacena gluon-gluon scattering amplitude, both in the momentum and in the 
impact-parameter representation, making explicit that in this domain the amplitude is of 
Regge type. Moreover, we compare the result with the quark-quark scattering amplitude 
of Ref. [6J, and discuss the issue of universality of the Regge trajectory. In Section 5, we 
study the minimal surface problem in Euclidean AdS§ relevant to quark-quark scattering 
in the eikonal method in a new way, which allows us to go beyond the preliminary results 
of Ref. [8]. In particular, we show that the amplitude is of Regge type, and we obtain 
the leading behavior of the Regge trajectory, which we show to be in agreement with the 
trajectory obtained with the Alday-Maldacena method. We also extend the results of the 
eikonal approach to the gluon-gluon scattering case, finding the agreement expected in 
the light of universality. Finally, Section 6 is devoted to conclusions and outlook. 
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2 Two-body elastic scattering via the AdS / CFT cor- 
respondence 



2.1 The Alday-Maldacena approach 

The gluon four-point scattering amplitude in M = 4 SYM has been evaluated in Ref. [2], 
making use of the AdS/CFT correspondence, by computing the area of a corresponding 
minimal surface. In the dual gravity theory, which is defined in AdS§ x S 5 , the gluon- 
gluon scattering amplitude is mapped into the scattering amplitude of four open strings. 
In turn, the string amplitude is obtained by determining a minimal surface, corresponding 
to a classical string solution for the Nambu-Goto action. This minimal surface lives in 
the AdS 5 background, 

R 2 

ds 2 = — (rj„ u dx tl dx v + dz 2 ) , (2.1) 

where \i = 0,1,2,3 and = diag(— 1, 1, 1, 1). We call this background the position 
space. The idea of Ref. [2] is to find the minimal surface in momentum space, rather than 
directly in the position space. The momentum space r) is obtained from the position 
space (x^, z) by means of the T-duality transformation, 

R 2 

Z A 

and the resulting metric is given by 

ds 2 = ^(v^dy^ + dr 2 ), r = ^- . (2.3) 

In the momentum space, the boundary of the minimal surface corresponding to the four- 
gluon amplitude (i.e. to two-body scattering) is given by the closed sequence of four 
light-like segments Ayf. The boundary conditions in the position space, i.e., that the 
vertex-operator insertion point Xi carries the momentum ki of the corresponding open 
string, translates into the condition Ay^ = 27rfcj. In the same way, the gluon n-point 
amplitude is obtained from the minimal surface having as boundary a closed sequence of 
n light-like segments [3j. The sequences are closed because of momentum conservation. 
The light-like segments lie at r = riR = R 2 / 'zir, where Zjr is the fifth coordinate in 
position space of the D-brane on which the open strings end. Such a D-brane acts as a 
regulator for the IR divergencies of the gluon-gluon scattering amplitude, which has to be 
removed by sending zj& —> oo, i.e., Tjr —> 0, at the end of the calculation. It is however 
more convenient to find the minimal surface directly at = 0, which requires to trade 
rjR for a different IR regulator when evaluating the area of the surface. 

The solution obtained in Ref. [2] for the minimal surface relevant to the gluon four- 



4 



point scattering amplitude reads in momentum space 

a -\fl + (3 2 sinh u\ sinh u 2 
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where Ui j2 are world-sheet coordinates on the surface ranging from —00 to +00. The 
parameters a, /3 are related to the Mandelstam variable^] s, t as 
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By the use of the T-dual transformation (12.21) . the minimal surface (12.41) is mapped back 
into the position space as 
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(2.6d) 
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Substituting the minimal surface solution (12. 4 p into the Nambu-Goto action, the gluon- 
gluon scattering amplitude is evaluated as 




2iS dw {t) + ^[ log- ) + C 



1 1 



e47r 




(p = s, t) 



(2.7) 
(2.8) 



1 The Mandelstam variables are defined here by 



- s = (fci + fc 2 ) 2 = 2k ltl k 2 » , -t = fa + h) 2 = 2fc lM fc 4 p , 
-u = (h + k 3 ) 2 = 2k lfl k 3 ^ = s + t. 

Note that the physical scattering region that we are considering here is s,t < and u > 0, which is 
called the "it-channel" in the literature. Moreover, in the Regge region one has u 3> 1 and t fixed, so 
that —s ~ u. 
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where C is a constant that is irrelevant to our purposes. Here A is the 't Hooft coupling 
defined by y/X = a/ g\ M N c = R 2 /a' } and we have adopted units where a' = 1. Dimen- 
sional regularization has been employed in order to obtain a finite result for the area of 
the minimal surface, by going to D = 4 — 2e dimensions (with e < 0). This requires the 
introduction of an IR cutoff scale /x, having dimensions of mass, to account for the mass 
dimension of the D-dimensional coupling. Note that the expression (12. 7p agrees with the 
BDS ansatz [23] in the strong coupling limit. 

The approach of Ref. [2] has been extended to the case of quark-quark scattering in 
Refs. [U El E]- The scattering amplitude is related to a minimal surface in a modified 
gravitational background including D7-branes, whose positions in the radial direction of 
AdS corresponds to the masses of the various flavours of quarks. In particular, Ref. [6] 
provides an exact solution, although in implicit form, for the minimal surface relevant 
to elastic quark-quark scattering. An explicit expression for the regularized area is also 
obtained in the limit of small quark masses, which we will report in Section 4. 



2.2 The eikonal approach 

Let us recall now some relevant elements of the derivation of the quark-quark elastic scat- 
tering amplitude in the high-energy domain, in the framework of the AdS / CFT correspon- 
dence, following the eikonal approach of Ref. [8]. The starting point is the formulation 
of high-energy elastic scattering amplitudes, at fixed and small momentum transfer^ in 
terms of the correlation function A qq of two Wilson lines [TO] [TT| H~2| [13], 

Alu = 4r((Wi ~ l)«(^ a - 1)«> , Z w = ir<trWi) = -^(trWa) , (2.9) 

where Zw is a renormalisation constant, which makes A qq UV-finite (see e.g. [H]). The 
relevant Wilson lines W\p run along infinite light-like straight lines, at transverse sepa- 
ration b, and are taken in the representation appropriate for the particles under consid- 
eration. We will be interested initially in the scattering of massive quarks (antiquarks) 
in the fundamental (anti-fundamental) representation, which we use as external probes 
of A/" = 4 SYM. This approach essentially amounts to consider the eikonal approximation 
for the elastic amplitude, which is expected to be valid in the Regge kinematic region for 
A" = 4 SYM (as well as for QCD). 

The correlation function (12 .9p yields the impact-parameter representation for the elas- 
tic scattering amplitudes in the s-channel. In order to regularize IR divergencies, the 
Wilson lines are cut at some proper time ±T, and moved slightly away from the light- 
cone. In this way, they correspond to the classical trajectories of two massive quarks, 
which form a finite hyperbolic angle \i related to the center-of-mass total energy squared 

2 In the original formulation [10 , valid for QCD, "small" means that the momentum transfer t has 
to be smaller than the typical hadronic scale, \t\ < lGeV 2 . Since we are dealing here with a conformal 
theory, "small" can only mean that it has to be smaller than the center-of-mass total energy squared 
s, i.e., f«s. Moreover, Wilson lines include the contribution of scalar fields to the non-Abelian phase 
factor, as explained in Ref. [23]. 
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s as x ~ log(s/M 2 ) at high energy. Here T acts as an IR regulator, which has to be 
removed at the end of the calculation by taking the limit T — > oo, while the quark mass 
M is irrelevant in the large x region. Explicitly, the quark-quark scattering amplitude is 
then given by PH HH D2J CE3] 

M% k t'^(*,t) = 5 a/a 5^MH kl (s,t) = 6 a ,Jw(-2is) J d%e iql U?| W ( X AT) , (2.10) 

where a', a (resp. (3', (3) are the final and initial spin indices of quark 1 (resp. 2), and i,j 
(resp. k, I) are the final and initial color indices of quark 1 (resp. 2). Moreover, q and b 
are two-dimensional vectors in the transverse plane, with t = —q 2 and b = \b\. Here the 
limits x ~ ► 00 5 T — > oo are understood. 

It has been shown that the Minkowskian Wilson line correlation function A qq (x, b, T) 
can be reconstructed from the correlation function A 9 ^(9,b,T) of two corresponding Eu- 
clidean Wilson lines, by means of analytic continuation [TU (T5J (T6J [T7]. The relevant 
Euclidean Wilson lines run along straight lines of length 2T, which form now an an- 
gle 9 in Euclidean space, and are separated by the same transverse distance b as in the 
Minkowskian case. Starting from A q ^, the quark-quark elastic scattering amplitude in the 
s-channel is obtained by means of the analytic continuation relation [16] . 

^«(X, b, T) = A% M {-i X , b, iT) , A% M (e, b, T) = A% kl (i9, b, -iT) . (2.11) 

Moreover, the impact-parameter amplitude in the crossed w-channel A qq , corresponding 
to quark-antiquark scattering at center-of-mass energy squared u (u > 0), can be obtained 
through the crossing-symmetry relations [T7] 

^tUx, b, T) = Atl lk (i7T - x, b, T) = A%\ lk (7T + ix, b, iT) = A%\ jtkl (-i X , b, iT) , (2.12) 

where in the last passage A^^ kl (9,b,T) = A q §.^ lk {v: — 9,b,T) is the crossed Euclidean 
amplitude, and where x has to be identified with 

u — s 

X~ log— -log— (2.13) 

in the high-energy limitjU This relation will be useful further on, when comparing with 
the Alday-Maldacena amplitude. 

The Euclidean Wilson-line correlation functions can be computed through the AdS / CFT 
correspondence, following the approach of Ref. [23]. On the field theory side, the fun- 
damental Wilson lines running along straight lines describe the propagation of heavy 
fundamental particles in Euclidean space. Using the gauge invariance of the vacuum, the 
Euclidean correlation function A qq can be decomposed into a singlet and an "octet" part, 

Agiiju = + M-^li > ( 2 - 14 ) 



3 It is easy to see that the transformation x — > ^ — X (with \ > 0) corresponds tos->e l7! u (with 
s, u > 0) in terms of Mandelstam variables. 
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where t a are the generators of SU(N C ) in the fundamental representation, and simple 
algebra allows to relate the coefficients of the two color structures to the (normalized) 
expectation values of the Wilson loops obtained by properly closing the contour at infinity, 



We stress the fact that there is no relation between the heavy particles in Euclidean space 
and the "physical" quarks in Minkowski space: indeed, the Euclidean particles are only 
introduced as an intermediate device to compute the relevant Wilson-loop expectation 
values, playing no role in the physical process under consideration. We will return on this 
point in the following. 

Massive particles can be introduced in M = 4 SYM by breaking the SU(N C + 1) 
symmetry to SU(N C ) x U(l), which gives rise to massive PU-bosons transforming in the 
fundamental representation of SU(N C ). On the gravity theory side, this can be accom- 
plished by stretching one of the N c + 1 branes away from the others, and towards the 
boundary z = of Euclidean AdS 5 . The mass of the W-bosons is related to the position 
zb of the displaced brane as M B ~ , and therefore it becomes very large as Zb — > 0. 
The Wilson loop describing the propagation of the VU-bosons along a closed contour C is 
identified in the dual bulk theory as the partition function of a string propagating in Eu- 
clidean AdSs, with the boundary condition that it ends on the contour C at the boundary 
z — 0. To leading order, it is therefore given by (W) ~ exp(— A) with A the (properly 



regularized) area|3 of a minimal surface in Euclidean AdS$, ending on C at the boundary 
z = 0. Also in this case it is convenient to work directly in the limit zb = 0, while at 
the same time regularizing the area (in the UV) by limiting the integration to the region 
z > e. UV divergencies are dealt with by means of the Legendre transform prescription 



A remark is in order here. Since we are considering heavy (Euclidean) particles, 
the boundary conditions for the minimal surface in the supergravity description of the 
problem are naturally given at the UV, z = 0. This is in contrast with the calculation 
of Ref. [2J, where such boundary conditions are given at the IR, z = oo, which is again 
natural for massless particles. One question we want to answer to is how the two points of 
view can be reconciled. Let us note that while the computation of Ref. j2j is performed in 
Minkowski space, here we are considering a calculation in Euclidean space, from which the 
physical, Minkowskian result for the scattering amplitude is recovered only after analytic 
continuation. In Euclidean space, the heavy PU-boson is introduced only to establish a 

4 In order to make the equations more transparent, we have preferred to substitute the exact expression 
of the subtraction constant —2Zw + 1 with its value —1 obtained through the AdS/CFT correspondence, 
where Zw ~ 1, see below. 

5 Note that the factor vA/ (27r) is included into the area A. 





(2.15) 



(2.16) 




of Ref. [25]. 
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x 2 




Figure 1: The two straight-line trajectories defining the UV boundary of the minimal 
surface in the eikonal approach. 



connection between the expectation value of the relevant Wilson loops on the field theory 
side, and their dual description on the gravity side. In particular, the W^-boson mass plays 
only the role of a UV regulator in the computation of the area of the relevant minimal 
surfaces, and drops from the Wilson-loop expectation values after UV divergencies have 
been removed, before the analytic continuation. On the other hand, the physical scattering 
amplitude depends on the mass M of the Minkowskian quarks (and on s) only through 
the dependence of the relevant (Minkowskian) Wilson-loop expectation values on the 
hyperbolic angle \. In other words, the dependence on M appears only when the relation 
between x, s and M is made explicit after the analytic continuation. This shows that 
the mass of the Euclidean (heavy) PU-boson and the mass of the Minkowskian quarks are 
completely unrelated. We see therefore that there is a natural connection between the use 
of very heavy particles in Euclidean space, and the final goal of describing the scattering 
of particles with very high energy in Minkowski space, the link being provided by the use 
of Wilson loops and by the analytic continuation (12. lip . 

We specialize now to the case of interest, i.e., the Euclidean correlator A q ^(9,b,T). 
First of all, we notice that the normalisation factor reduces to Zy/ ~ 1, due to the 
Legendre transform prescription [25] . This prescription implies also that the disconnected 
contributions to the expectation values on the right hand side of Eqs. ( 12 . 151) and ( 12 .161) 
is 1, and therefore gets cancelled. Next, since the connected part of A® is related to a 
minimal surface with tube topology, we have that Ao = 0(1/ N^), and so the amplitude 
is dominated by the "octet" component ^4jv 2 -i> which is of order 0{1/N C ): indeed, the 
relevant minimal surface in Eq. (I2.16P has disk topology, so that the right hand side is of 
order 1. Finally, we obtain at large N c 

A% M ~ M-^li ~ Y c 5ilSjk ~k {tT WlW2)c = W c SilSjkAfaA ' (2 ' 17) 

where the subscript c stands for the connected component. 

The basic building block of the construction is therefore a minimal surface in anti-de 
Sitter space, which is bounded by two oriented straight lines at the boundary z = of 
AdSs, corresponding to the trajectories of the two heavy Euclidean quarks in the static 
(infinite mass) limit. We call this surface a "generalized helicoid". In order to properly 
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define the variational problem, it is convenient to take the two lines to have infinite length, 
while at the same time introducing a new IR cutoff to regularize the area of the resulting 
minimal surface. In practice, the boundary is defined by the two straight lineal 

/ e b e\ fob e\ 

L\ : — r sin -, — — , 0, r cos - , L 2 : It sin -, -, 0, r cos - , — oo < r < oo , 



2J 1 \ T T 1 2 

(2.18) 

traveled from r = — oo to r = +oo, separated by a distance b in the "transverse" direction 
x 2 , and forming a relative angle 9 in the "longitudinal" plane (xi,x 4 ) (see [Q. On the 
other hand, since the area functional 

A eT k = T^T / drda^yj det (5^d a x»d b x» + d a zd b z) = J drdaC (2.19) 

with the boundary (12. 181) at z = is expected to be infinite due to IR divergences^ we limit 
the range of r to r G [— T, T], understanding that it has to be imposed in the computation 
of the area, and not in the determination of the minimal surface. The regularized (and UV- 
subtracted) area of the surface minimizing the functional fl 2 . 1 9 [) is therefore a function 
A^^ k (9,b, T), which enters the color-independent part of the Euclidean "amplitude", 
defined in Eq. (12.171) . as ^4^ uark (6 ) , b, T) = exp [ — A^^ k (9, b, T)] . This function will be 
defined more precisely in Section 5.1. 

The case of quark- ant iquark scattering is obtained by simply flipping the orientation 
of one of the two straight lines, e.g., 

, ( 9 b 9\ , 

L 2 -)> 4 : ( - r sin -, -, 0, -r cos - , (2.20) 

with t running again from — oo to +oo. This corresponds to changing the representation 
of the corresponding Wilson line from fundamental to anti-fundamental, as appropriate 
for an antiquark. In turn, exploiting the Euclidean symmetries, it is easy to see that this 
is equivalent to the change 6 — > tt — 9 in the relative angle. The minimal surface relevant 
to quark-antiquark scattering is therefore obtained by minimizing A^g k b , and thus it is 

equal to A^^^n — 9, b, T), so that the two cases can be treated at once. 

In the case of the AdS$ x S 5 background one does not know yet the minimal surface 
corresponding to the boundaries (12.181) . A simple scheme has been introduced in Ref. [S], 
where the following ansatz for the "generalized helicoid" is assumed in order to find the 
minimal solutionjf] 

9a 9a 
xi=rsm — , x 2 = a , x 3 = , x 4 = rcos — , z — z{r, a). (2-21) 



6 We use the convention (xi,X2,X3,Xi) for the coordinates of points in Euclidean space. 

7 The quantity ^4<i uark is also UV divergent due to the behavior of the metric near the boundary z = 0, 
the divergence taking the form ^uv^div = V / A(27r) _1 4T/ e. This is precisely the area of two planar "walls" , 
extending along the Wilson lines and in the fifth dimension of AdS, which is subtracted from the minimal 
area when using the Legendre prescription of Ref. |25) . 

8 This ansatz j8] corresponds to a conjectured generalization of the usual Euclidean helicoid to the AdS 
metric. Although the exact solution is not necessarily parameterizable in the same way, we nevertheless 
expect this ansatz to be reasonable, and at least a controllable approximation of the exact solution. 
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The world-sheet coordinates r, a are in the range, r G [—00,00] and cr £ [—6/2,6/2]. 
Using this ansatz, the regularized area functional (I2.19P becomes 



7T-0,6 




(2.22) 



where the IR cutoff parameter T is introduced, as explained above. 

We remark here that the ansatz (12.211) is appropriate for quark-antiquark scattering, 
that is, for the correlator A q ^(9,b,T) = A q ^(ir — 6,b,T), rather than for quark-quark 
scattering. The reason is that if we want an orientable surface, the two straight-lines 
which form the boundary of the helicoid have to be travelled in opposite directions, if 
the surface performs a twist of angle 9. On the other hand, if they are travelled in the 
same direction, the helicoid has to perform a twist of angle it — 9 in order to obtain 
an orientable surface. For this reason, we have denoted as A^g k b the area functional 
in Eq. f!2.22[) . Nevertheless, as explained above, the geometrical problem to be solved 
in Euclidean space is the same for quark-quark and quark-antiquark scattering. The 
difference between the two cases lies in the specific analytic continuation which one has 
to make in order to obtain the physical amplitude. 

We conclude this section with a brief description of the treatment of gluon-gluon 
scattering in the eikonal method. The gluon-gluon scattering amplitude is given by the 
expression 

M 9 a l t Js,t) = -lis J d%e^ a l d (x,b,T) , (2.23) 
up to helicity-conserving Kronecker deltas, with 

^Scd = -^((Yi - 1U(V 2 - 1U , Z V = ^L-f&K) = ^^(Tr V 2 ) . (2.24) 

Here Vi are Wilson lines in the adjoint representation, running on the same paths described 
above in the quark-quark case. The indices run from 1 to N% — 1, and Tr denotes the 
trace in the adjoint representation. The physical amplitude can be obtained from the 
corresponding Euclidean correlator of Wilson lines A 9 ^ by means of the same analytic 
continuation used in the quark-quark case, Eq. (12.111) . Analogous crossing-symmetry 
relations can be derived along the lines of Ref . [17] , which are obtained by combining the 
analytic continuation with the relation 

•Agabcdi* ~ > b > T ) = A%aUcV> b > T ) > ( 2 - 25 ) 

which follows from the Euclidean symmetries and the reality of the adjoint representation. 

Since (V*)^ = 2tr[W-t a W i t b ], the expectation value in Eq. (I2.24p can be expressed 
in terms of fundamental and anti-fundamental Wilson lines, and so we can compute it 
through the AdS/CFT correspondence by making use of the technique described above. 
In particular, to extract the "octet" component of the amplitude it suffices to contract it 
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with the appropriate invariant tensors, 



A 99 i-abm rcdrn A 99 

"^iVf-l.A ~ J J ^Eabfid 

= Zy 2 (tnWlteWlte[W 1 W 2 ] -trWitrWjtr^W^ , (2.26) 

A99 _ jabmicdm Agg icy cy*j\ 

^N%-1,S ~ U U ^Eab,cd K^-^'J 

= Z^/trT^trW^trfW^ , (2.28) 

and moreover Z v = { |trW^ | 2 — 1)/(N 2 — 1). By construction, the quantities A 9 ^ 2 _i s and 
A 9 ^ 2 _i A are respectively even and odd under 9 — >■ n — 9, thus corresponding to crossing- 
even and crossing-odd amplitudes after analytic continuation. As we will see further on, 
their evaluation by means of the AdS / CFT correspondence and minimal surfaces reduces 
basically to the quark-quark case discussed above. 

3 Minimal surface for gluon-gluon scattering in the 
Alday-Maldacena approach 



One of the main differences between the two methods described in the previous section 
is that the boundaries of the relevant minimal surfaces are given in the Minkowskian IR 
region, in the Alday-Maldacena case, and in the Euclidean UV region, in the case of the 
eikonal approach. While there is no contradiction in this, as we have already explained 
above, it is nevertheless interesting to investigate the issue of boundaries, to see if a 
connection can be found between the two cases. 

In this section we discuss in some detail the geometric structure of the minimal surface 
in anti-de Sitter space found in Ref. [2]. Firstly, in the next subsection, we recall the be- 
havior of the Alday-Maldacena solution in position space, Eq. (12. 61) . near the IR boundary 
in ordinary (Minkowskian) AdS^. Then, starting from this solution and performing an 
analytic continuation, we obtain a related minimal surface in Euclidean AdSa, which in 
a sense defines the near-UV boundary behavior of (12.61) . Finally, we discuss the possible 
relation between this surface and the minimal surface relevant to quark-quark scattering 
in the eikonal approach. 



3.1 The IR boundary 

We shall investigate the near-boundary behavior of the minimal surface (12.61) . relevant to 
gluon-gluon scattering. In particular, we shall be interested in the Regge domain s/t 3> 1 
and t fixed, which in terms of the surface parameters a and /3 defined in Eq. (I2.5P implies 
1-/3= (a/n)y/2/(-s) ->• and a -> iry/2(-t). 
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For later convenience, we rewrite the solution ( 12. 6 p as 

xo = —i—y/ 1 + f3 2 sinh u + sinh w_ , (3.1a) 
2a 

R 2 

x + = —i— T(l + /?)«_ + (1 — 0) coshw + sinh w_l , (3.1b) 
2a 

R 2 

X- = i— \(1 — (3)u + + (1 + (3) sinhM + coshw_l , (3.1c) 
2a 

x 3 = 0, (3.1d) 
R 2 

z = — \(l + /3) coshw+ + (1-/3) cosh w J , (3.1e) 

2a L J 

where we have redefined the coordinates as 

X± = X\ ± X 2 , U± = Ui + u 2 . 

Note that the factors 1 — and 1 + (3 are proportional to the inverse of the square root 
of the Mandelstam variables, (— s) -1 / 2 and (— t)^ 1 ^ 2 , respectively (see Eq. (12. 5p ). Since 
Eq. (13. le|) implies z > R 2 /a, the minimal surface described by Eqs. (13. ip reaches the IR 
boundary z = oo of AdS, but is bounded apart from the UV boundary, z = 0. 

We analyze now the IR behavior around the boundary z = oo in the complexified 
AdS^ space. Here we are considering the region < < 1, while the forward Regge limit 
(3 = 1 will be studied later. 

There are four possibilities in order for the minimal surface to reach the IR boundary 
z = oo, namely u + = ±oo or m_ = ±oo. We consider first the case u+ — > ±oo at fixed 
U-. The solution (13. ip is then approximated by 



x Q ps +i — v/T + (3 2 e ±u+ , x + ps —i — (1 - (3)e ±u+ sinhw. 
4a 4a 

x_ ps ±i— (1 + f3)e ±u+ coshw_ , z ps —(1 + (3)e u+ . 
4a 4a 



(3.2) 



From these equations, we obtain 



x = ± ^} + f x + , (3.3) 



1-/3 

2 



I + \ / X 



1 + 13) \1-(3J \l + (3, 
On the (x + , x_)-plane with z = zir(3> 1) fixed, Eq. (13. 4 p defines the hyperbola 



(3.4) 



z 2 K = f u+ (\mx + ,\mx_](3) = \ (Imx+) 2 + (Imx_) 2 . (3.5) 
Note that Eq. (13. 2 p implies that x , x + and x_ are purely imaginary. 
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(a) 

Figure 2: (a) z : 2 R = f u± (Imx+, Imi_; 0.3) with z m = 100, 500, 1000. 
(b) 100 2 = / u± (Imx+,Imx_;/3) with (3 = 0,0.3,0.95. 



by 



We consider now the case w_ — > ±oo with u + fixed. The solution (I2.6P is approximated 



.R 2 



x « =p — v/l + /3 2 e sinhw + 
4a 

i? 2 

x_ « i— (1 + /3)e ±u ~ sinhw + , 
4a 

These equations lead to 



.R 2 



=p — (1 - f3)e coshw+ . 
4a 



p2 

- — (l-/3)e ±u - 



(3.6) 



4a 



x 



2 



I-/?; V 1 -/ 3 

Fixing z = £ IR , Eq. (13. 8p defines the hyperbola 



f u _ (Imx + , Imi_; j3) = (Imx + ) 







1-/3 
1 + /3 



(3.7) 
(3.8) 



(Imx_ 



(3.9) 



The hyperbolae ( 13. 5p and ( 13.91) are shown in Fig. [21 At fixed /3, the hyperbolae escape 
to spatial infinity, i.e., in the (x+, x_)-plane, as Zjr, — > oo, see Fig. [2] a. At fixed zjr, the 
angle between the asymptotes of the hyperbolae tends to zero as f5 — > 1, see Fig. [2]b. To 
further clarify the IR behavior of the minimal surface, we show in Fig. [3] a the plot of 
Eqs. (13. 4p and (13. 8p . The surface blows up and escapes to spatial infinity when z becomes 
larger. In Fig. [3]b, we show again the hyperbolae defined in Eqs. ( 13 .5p and (13. 9p . together 
with their asymptotes. The physical scattering angle ip in the w-channel is given by 



tan 



1-/3 
1 + P 



(3.10) 
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Im x 



(a) 



(b) 



Figure 3: (a) The minimal surface determined by Eqs. (13. 4p and (13. 8p . 
(b) The behavior of the surface at fixed zir(> R 2 /a). 



and so it is equal to the angle formed by the asymptotes. Comparison of Fig. [3] b with 
Fig. [2]b then shows clearly that the scattering angle goes to zero when /3 — > 1, that is, in 
the Regge limit. 

In principle, the momentum space formulation of the minimal surface problem con- 
sidered by Alday and Maldacena can be traded for a coordinate space formulation, with 
the more complicated boundary discussed above. This is closer in spirit to the variational 
problem encountered in the eikonal approach, although the boundary in the two cases are 
living in spaces with different signature, and still on opposite ends of AdS. 

3.2 The UV boundary: analytic continuation to Euclidean AdS 

The minimal surface solution (12 .6p lives in the complexified anti-de Sitter space. If we 
now perform the following analytic continuation of the world-sheet coordinates, 



the coordinates x± become real for real w±. Since xq is still complex, we perform addi- 
tionally the Wick rotation £4 = ixQ. We then obtain a new minimal surface, given by 



u± = iw± , 



R 2 

x + = — [(1 + 0)w^ + (1 — 0) cosw7 + sin w_ 



]. 



(3.11a) 



x_ = — — [(1 — (3)w + + (1 + 0) sin w + cosw 



(3.11b) 
(3.11c) 



x 3 = , 



£4 = — — \A + P 2 sin w + sinw_ , 



2a v 
R 2 

z = — [(1 + 0) cos + (1 — 0) cosu>_] , 



(3.11d) 



(3.11e) 
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(a) (b) 

Figure 4: (a) The multiple helices as the UV boundary of Eqs. (13. lip at z = with 
/3 = 0.6. 

(b) The minimal surface (13. lip with /3 = 0.6. 

in the real Euclidean anti-de Sitter space. Eq. ( 13.1 left implies that the minimal surface 
reaches the UV boundary z = 0, where it describes a multiple helices configuration (see 
Fig. H]a). The axes in Fig. @] correspond to the coordinates X±, X 4 and Z, defined by the 
rescaling X ±j4 = (2a/R 2 )x±^ and Z = (2a/R 2 )z. The minimal surface (13.111) is depicted 
in Fig. H]b. This construction provides a Euclidean formulation of the Alday-Maldacena 
minimal surface, with boundaries in the UV region, which can be directly compared with 
the minimal surface problem relevant to the eikonal approach. 

A comment is in order here. In Refs. [261 I27J, a family of classical string solutions 
in AdSz x S 3 was discussed in terms of the Pohlmeyer reduction of the string sigma 
model. Ref. [27] obtained a space-like surface in AdS$ with conformal complex world-sheet 
coordinates and embedded it into AdS^, so that the Alday-Maldacena type solution^! was 
reproduced. Then, by Wick rotation of the world-sheet time coordinate, Ref. [27] found 
time-like surfaces in AdS%, one of which had helicoid geometry. This surface is similar 
to the one with the double helix boundary that we obtain in the limit /3 — > 1, discussed 
below; however, our Wick rotation and analytic continuations are different from those of 
Refs. [261 E7j. 

3.3 The forward Regge limit of the UV boundary 

We consider now the forward Regge limit, 

— s — > oo, —t fixed, (3-12) 

of the solution (13. lip . In this limit the Mandelstam variable u goes to +oo, because of 
the relation s + t + u = 0. Using the relation ( 12. 5 j) between the parameters a, of the 
minimal surface and the Mandelstam variables s, t, the limit ( I3.12p is seen to correspond 
to P = 1. Since in this limit the scattering angle vanishes, tp = 0, we are dealing here 

9 This solution has a rotated version of the boundary condition of Ref. [2]. 
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Figure 5: The double helix forming the UV boundary in the forward Regge limit. 



with forward Regge scattering!^! 

In the forward Regge limit, the minimal surface ( 13. lip in Euclidean space is reduced 

to 

R 2 R 2 
x + = — W- , X- = sin w + cos W- , 

a R2 ° R 2 (3-13) 

x 4 = -=- sin w + sin w;_ , z = — cos w + , 

and x 3 = 0. At the UV boundary z — 0, this surface describes a double helix, 

ib JX JX 

x + = — io_ , a;_ = ± — cosw_, x A = ± sin w_ . (3-14) 
a a a/20: 

The double helix (I3.14p . depicted in Fig. El is reminiscent of the boundary of the mini- 
mal surface that was used in Ref. [8] in the computation of the quark-quark scattering 
amplitude in the eikonal approach. We shall comment on this in the following subsection. 

3.4 Relation with the minimal surface for quark-quark scatter- 
ing in the eikonal approach 

In the previous subsection, we have obtained the double helix (I3.14p (see Fig. E]) as the 
boundary of the Euclidean minimal surface (13.131) . which appears in the forward Regge 
limit for gluon-gluon scattering. The boundary of this surface lies on the UV boundary 
of (Euclidean) anti-de Sitter space. On the other hand, the double helix appears in the 
context of quark-quark scattering in the eikonal approximation El E] , as the IR cutoff 
of a truncated "generalized helicoid". Indeed, as we have recalled, the minimal surface 
relevant to quark-quark scattering, defined by the straight line boundaries (I2.18p . was 
studied in Ref. [8] by making the "generalized helicoid" ansatz ( I2.2ip . When truncating 
the surface in order to regularize its area, as in Eq. (12. 22 p . the double helix appears in 
the projection of the surface on the UV boundary. 

Is there a relation between the minimal surfaces used in the Alday-Maldacena approach 
and in the eikonal approach? One can intuitively represent the situation as in Fig. [6] Let 



10 Note that the value of a and thus of —t = a 2 /(2n 2 ) is arbitrary, but fixed, in this forward Regge 
limit. 
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(a) (b) (c) 

Figure 6: (a) The minimal surface with parallel line segments as the boundary. 

(b), (c) The UV boundary and cutoff in the (x + , x_, X4) space at z — 0. 

us imagine first the minimal surface with two parallel straight-line segments as the UV 
boundary at z = in (Euclidean) anti-de Sitter space (Fig. [6] a). This corresponds to 
the well-known configuration of two parallel Wilson lines used for the computation of the 
quark-quark potential. The solid line segments in Fig. [6] a describe the boundaries of the 
minimal surface at z = 0, while the dotted lines are defined by the IR cutoff imposed on 
the surface. Twisting the dotted line segments in the (x + ,x_,X4) space, we obtain the 
double helix (Fig. E]b). This is exactly the geometry of Eqs. ( I3.14p . that is obtained in 
the forward Regge limit of gluon-gluon scattering in the Alday-Maldacena approach. On 
the other hand, by twisting the solid line segments in Fig. [6] a, we obtain Fig. [6] c, in 
which the dotted line segments become the double helix. This is the configuration that is 
desired in computing the quark-quark scattering amplitude in the eikonal approach. The 
solid lines describe the trajectories of quarks and the dotted lines are determined by the 
IR cutoff. 

The full answer to the question raised above requires the exact analytic determination 
of the minimal surface having the boundary configuration of Fig. [6] c, relevant to quark- 
quark scattering, which could then be compared to the minimal surface found in Ref. [2] 
for gluon-gluon scattering. However, the exact solution to this problem has not been found 
yet. Nevertheless, as we will see further on in Section 5, new insights can be obtained 
by performing a convenient conformal transformation on the minimal surface, and by 
critically reconsidering the study of the "generalized helicoid" ansatz (|2.21|) . 

4 Regge behavior of scattering amplitudes in the 
Alday-Maldacena approach 

In this Section we discuss the behavior of the gluon-gluon scattering amplitude (12. 7p . and 
of the quark-quark scattering amplitude of Ref. [6], in the Regge limit — s — > 00, t fixed 
(see also Ref. [2D]), both in the momentum representation and in the impact-parameter 
representation. 
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4.1 Momentum representation 

In order to display the Regge behavior of the four-gluon scattering amplitude Eq. 1 )2.71 ). 
it is convenient to expand the divergent contributions 1)2. 8 ft with respect to e. One then 
obtains 



V~ 1+log IrirrvJ + ^ l0 V + ° (e) ' 

(4.1) 

where p = s,t, and where we have denoted 

f{\) = —, g(\) = —(l-log2). (4.2) 

7T 7T 

The meaning of /(A) and g>(A) becomes clear if we rewrite Eq. Q4.ip in terms of a new IR 
cutoff m, defined ad_J 

1 , m - i 

-=log-. (4.3) 
e fi 

Neglecting terms which do not depend on p, we obtain 

■n I \ /(A) A _ £>\ 2 fi'(A) , — P , . . , N ,, 

^div(p) = — 777- log — H 7T- log 9 + (p-mdependent terms) , (4.4) 

16 \ m 2 J 8 m z 

with /(A) appearing in front of the leading IR-divergent term proportional to (logm) 2 , 
and g{X) appearing in front of the subleading (logm) divergence. 

It is important to note that /(A) appears in the expression of the cusp anomalous 
dimension r cusp (7), which represents the contribution of a cusp of boost parameter 7 to 
the vacuum expectation value of a Wilson loop in the fundamental representation. For 
large I7I, one has indeed r cusp (7) ~ — (/(A)/4)|7|. The cusp anomalous dimension [2"B"l |2"9"] 
is relevant also for the calculation of the anomalous dimension 75 of twist-two operators 
of large spin S, 75 ~ /(A) log S (see, e.g., Ref. [30J and references therein). 

Using the expansion 114.11) and the definitions 114 ,2p and 114.31) . the expression of the 
amplitude 112. 7p simplifies 

A*™(s,t) = CJ-l) (4) , (4.5) 



m 2 J V m? 



C € = exp(-^i + C + 0(e)) . (4.6) 

We note that the terms log(— s/n) 2 and log(— t/ji) 2 in the finite part of Eq. ( 12.7ft are 
compensated by corresponding terms of order e° coming from the expansion ( 14. II) of 

Sdiv EQ]. 



1 Since e is negative, e — » 0_ corresponds to m/ju, — > 0, i.e., to an IR cutoff. 
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It is important to realize that formula (14. 5 p has precisely the form of a Regge ampli- 
tude [20j |21] (in particular, it is Regge-exact in the s-channel [21]). Indeed, including for 
completeness also the Born term factor, which for large — s and fixed t reads 

Aree OC , (4.7) 

the gluon-gluon scattering amplitude is of the form 

I — s \ 



A(s, t) = Aree A^{s, t) = f3(t) — , (4.8) 

\m z J 



where a(t) is the Regge trajectory, 



a(t) = a (t) + «i , 



A O 9 

4 m z 



a (t) = — log — , a x = — + 1 



and where /3(t) is given by 



m 2 



4 1 



/3(t)ocC £ — , (4.10) 



up to a t- independent constant. In the large- N c limit, the dominant contribution to the 
amplitude comes from the trajectory with the quantum numbers of the gluon (see Ref. [2T] 
and references therein), so that a(t) is identified as the gluon Regge trajectory. 

In the expression of the amplitude (14.51) . one may further distinguish the separately 
factorized terms in s and t from the non-factorizable one, namely 



A 1U ° n (s, t) = aAact(s)Aact(t) Aonfact(s, t) , (4.11 

'9W , -p 

— log — 
1 m 

/(A) , -s, -t 
J y- log — log- 

4 m m 



Aact(p) = exp ^ log -| , (p = s, t) (4.12) 

Aonfact(s, t) = exp ( log Z| bg ^ ) . (4.13) 



As it is well known, the non-factorizable expression (14. 13ft characterizes the t-dependence 
of the leading Regge trajectory for "octet" t-channel exchange, ao(t) in Eqs. (14. 91) . This 
term is independent of the particular choice of the IR cutoff: indeed, a rescaling of the 
IR cutoff m — > e K m leaves it unchanged. On the other hand, the same rescaling changes 
the coefficient of the logarithm in Eq. (I4.12p . g(X) — > g K (X) = g(X) + 2k/(A), as well as 
the constant C e — > C e>K = C e e~ K This results in the dependence of the factorizable 
terms of the amplitude (14. 8 p on the regularization scheme: this is not surprising, given the 
regularization-scheme dependence of the gluon Regge trajectory. Indeed, a calculation in 
the radial-cutoff scheme, i.e., limiting the integration of the area of the minimal surface 
(J23| to r > r c , gives [31] 



ASZ(s, t) = exp log ^ log ^ + const.) , (4.14) 
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where rh = r c /(2\/2n), corresponding to a gluon Regge trajectory with ai = 1. It is 
easy to see that the s, t-dependent terms in the two schemes are related by the rescaling 
rh = of the IR cutoffs. 

The key property expected for a Regge trajectory is to be "universal", i.e., present 
in all high-energy channels at fixed momentum transfer for the same exchanged quantum 
numbers. This leads us to compare the results for gluon-gluon scattering discussed above, 
especially the Regge trajectory (I4.9p . with the quark-quark elastic scattering amplitude 
obtained in Ref. [6J, along the lines of the Alday-Maldacena approach. We report here 
only the final result for the color-independent part of the amplitude (divided by the tree 
amplitude) obtained in the limit of small quark masses, which reads 



^quark 



cxp 



log^| (log — - 2(^(^-1) + 1) ] + const. 



(4.15) 



where rh = r c j (2\/27r), with r c the radial cutoff used in the calculation, and m 12 are 
the quark masses. The result above holds as long as 1 — s/(mim 2 ) <C r^ 1 , which 
implies that one cannot take the large-s limit at fixed cutoff. Nevertheless, the term 
log(— s) log(— t) is not affected by a change of the cutoff, which implies that it is reliably 
captured by the approximation. On the contrary, this is not true for log(— s) and log(— t) 
terms, which are therefore not completely under control at the present stage. It is imme- 
diate to see that also this amplitude is of Regge type, with the same i-dependent part for 
the Regge trajectory as in the gluon-gluon expected from universality. 



4.2 Impact-parameter representation 

For further comparison with the eikonal approach, we derive now the impact-parameter 
representation for the gluon-gluon scattering amplitude. The impact-parameter ampli- 
tude ^4 gluon (x, b) is obtained by performing the two-dimensional Fourier transform of the 
amplitude A(s, t) with respect to the transverse momentum. Setting —t = k 2 with k the 
modulus of the transverse momentum, and including the usual factor s~ x in the definition 
of the impact-parameter amplitude, we obtain at large — s (up to an irrelevant constant) 

/dk 
T J (kb)A^°%s,t = -k 2 ), (4.16) 

where the hyperbolic angle x is defined as 

X = log^, (4.17) 

as appropriate for a w-channel process. Azimuthal invariance has been taken into ac- 
count to reduce the two-dimensional Fourier transform to a Hankel transform of order 0, 
involving the ordinary Bessel function Jo(C) with ( = kb. 
Inserting the amplitude ( 14. lip into Eq. (I4.16p . one obtains 

A^(x,b) = C e (m 2 b 2 )~^ X) e^K(x) , (4.18) 
h(x;X) = -f(X)x + 9(X), 
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K(x) = / d( C*^" 1 Jb(C) = 2^ U) . (4.19) 
Jo l U - i 



where 

r(i-|) 

The integral (I4.19P is convergent in a limited parametric region for h(x; A), namely < 
h < 3, which lies away from the physical Minkowski region where |>1, that is, /i <C 0. 
This is due to the form of the amplitude (14.1 3ft . which for h(x; A) outside of the above- 
mentioned domain makes the integrand of Eq. ( 14.161) too singular at small k. We can 
however reach the physically interesting region by means of analytic continuation^] of the 
function K{x) defined in Eq. (I4.19p . which in the high-energy Minkowski region where 
X 1 becomes 



--+i 

2 ' 



1 h 

%TX\ 

2 4 



(4.20) 



where we have made use of Stirling's formula, T(z) ~ \/2ne~ z z z ~^ (for \z\ — > oo). Since 
h « —f(X)x f° r X ^ I? m the Minkowski region, we may write the following expansion 
in energy 

log K(x) = -^-X ( log X + log ^ - ifj + - l) log x + • • • , (4.21) 

where the terms behaving at most as a constant are neglected. 

Taking into account the expansion (I4.2ip . the resulting impact-parameter amplitude 
(I4.18P can then be rewritten at high energy and in log form as the expansion 



log ^ sluon (x, b) = -l^-x log mb + f -^ X log X + X 



+ log x 1 — H — log mb + 



2 V 2e 2 



2 J 2 

(4.22) 

where the overall sign has been chosen for further comparison with the minimal area 
obtained from the eikonal approach^! in the following section. 
The result (I4.22p calls for comments: 

i) The expansion (I4.22p reflects the fact that the amplitude (I4.18P is the product of a 
non-factorizable function of the two kinematic variables, x an d b, times a factorizable 
term, namely 

A slnoD (x,b) = C £ (m% 2 )y m F(x)B(b) , (4.23) 



12 The analytic continuation is made passing from h > to h < in the lower half of the complex 
plane, i.e., h — > \h\e~ lt ^ 7 '^ s \ in order to avoid the poles of the Gamma function on the real negative axis. 
This choice is consistent with the usual "— ie" prescription, i.e., m 2 — > m 2 — it, which in the case at hand 
implies that x acquires a small positive imaginary component. After using the Stirling approximation at 
large \h\, one takes the limit <5 — !• 0. 

13 Note that we did not obtain formula (|4.22p as the area of a minimal surface in Euclidean impact- 
parameter space. It may be worth mentioning, nevertheless, that it would be interesting to investigate if 
it can be obtained as the solution of a properly formulated minimal surface problem in impact-parameter 
space. 
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where the factorizable sector F(x)B(b) is given by 

F(x) = e^ 9{X) *K(x) , B(b) = (m 2 b 2 )-^ . (4.24) 

The first (non-factorizable) term in (I4.22p is the origin of the non-factorizable term 
in Eq. ( I4.13p . and thus of the t- dependent part of the Regge trajectory. The role of 
the second (s-dependent factorizable) term is more subtle, and it is better under- 
stood when going back from impact-parameter to momentum space. When taking 
the inverse Fourier transform, the non-factorizable 6-dependent term gives rise to a 
factor exp[(/(A)/2)xlog%] ~ (log(— s)) log (~ s \ which is not of Regge type and would 
be the leading dependence on energy, but which is precisely canceled by the sec- 
ond termf^l These two terms combine into the expression — (f(X)/2)x\og(mb/x), 
which basically encodes the Regge nature of the amplitude. The third and fourth 
terms yield a factorizable s-dependence which modifies the Regge trajectory by a 
t-independent term, and the last term affects the factorizable t-dependent part of 
the amplitude. 

ii) The power of b in Eq. (14. 18[) is negative in the convergence region where < 
h(x', A) < 3, while it is positive in the Regge domain —h(x', A) = f(X)x — <?(A) 3> 0. 
This is the counterpart in impact-parameter space of the divergence at small values 
of k in the Fourier transform ( 14. 16ft . Hence an analytic continuation is required to 
obtain the impact-parameter amplitude in the interesting high-energy region. 

iii) The non-factorizable sector in Eq. ( 14 . 2 3 [) depends only on the cusp anomalous di- 
mension at high energy, namely 

W*) ~^-X = ~X forx»l- (4.25) 
It is thus interesting to note that the expression (I4.22p can be rewritten as 

~ 777 O 

- log^ luon (x, b) « 2r cusp (x) log — + ... , (4.26) 

X 

where we have neglected terms which are subleading in energy, and where we have 
used the known behavior (14.251) of the cusp anomaly for a fundamental Wilson loop 
in the large- x region. 

iv) It is straightforward to obtain the impact-parameter representation for the quark- 
quark scattering amplitude of Ref . j6] , Eq. (I4.15P , which can be written as 

~ 777 1) 

- \ogA^ k (x, b) « 2T cusp (x) log — + ... , (4.27) 

where now x — ^ s(~ s /( m i m 2)) is the hyperbolic angle between the classical tra- 
jectories of the quarks at high energy, and the dots stand for 0(x) terms. 



14 Note that on the other hand a factor (log(— s)) const ' is compatible with a Regge amplitude, indicating 
the presence of a multiple pole or of a Regge cut in the complex-angular-momentum representation of 
the amplitude. 
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5 Quark-quark scattering amplitude in the eikonal 
approach 



In this section we discuss the minimal surface problem relevant to quark-quark scattering 
in the eikonal approach, both from a general point of view, and exploiting the "generalized 
helicoid" ansatz (EOT]) . 



5.1 General features of the minimal surface 

On general grounds, the area of the surface minimizing the functional (12. 19[) has 

to take the form 

A^ k (9,b,T) = * E (b/T,0) + 9 B (0) , (5.1) 

where the splitting between a 6-dependent function $ and a 6-independent one \I/ is made 
for future convenience. This is a consequence of conformal invariance together with the 
fact that the IR cutoff T is the only length scale other than b that can appear, once that 
UV divergencies have been removedf^l In particular, as we will see below, the separation 
between the $ and ^ functions amounts to the product of non-factorizable and factorizable 
contributions to the (Euclidean) impact-parameter amplitude. For future utility, we define 
the analytic continuation of (15. ip to Minkowski space as 

b, T) = A^Hx, b, iT) . (5.2) 

This quantity enters the s-channel quark-quark scattering amplitude which, in the mini- 
mal surface approximation of the AdS/CFT correspondence, is given in impact-parameter 
space by > uark >*( X , 6, T) = A q ™\-i X , b, iT) = exp [-A^ix, &, T)] , see Eqs. Q2HJ 
and (I2.17p . Note that we used the superscript s in the notations in order to specify the 
physical channel s>0 that we consider in Minkowski space. 

Further insight on the structure of A^ 1 * can be obtained by performing a particular 
conformal transformation in Euclidean AdS§ space, namely the inversion of coordinates. 
Such a transformation leaves the area of the surface invariant up to a function of the 
coupling A only [32], which is not relevant for our purposes 1^1 We can therefore investigate 
the quark-quark scattering amplitude by studying the new minimal surface problem in 
the inverted coordinates. 

Under the transformation of the target space coordinates (xi, X2, x$, x&, z) defined by 

Xn y x „ -j — ■ - , z > z - — ■ - , (5-3) 

\Xfj,\ + Z A \ x iA + z 



15 This is different, aithough similar in spirit, to the argument of Ref. jS], where the UV cutoff Mb 
appears instead of 1/T. However, as we have explained in Section 2, UV divergencies should be absent 
from the final result. 

16 Although the argument of Ref. [32] is valid for smooth contours, we expect that this result holds also 
for loops with a cusp, which can be obtained as appropriate limits of smooth loops. 
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(a) (b) (c) 

Figure 7: (a) The two circles forming the UV boundary in the inverted coordinates. 

(b) The two cusps with angle 7r — 9 around the origin. 

(c) The two cusps with angle 9 around the origin. 



the Euclidean AdS§ metric is invariant, while the two straight lines (12.181) . which 
define the boundary condition at z = in the original coordinates (see Fig. [TJ), are mapped 
into two circles C\ 2 , which define the boundary at z' — in the new coordinates: 



, , sin(0/2) . , l M M n cos(#/2) . ^ 
(.',.:( ^sm£,-~(l + cos £),(), ^sm^ 

. ,'sin(0/2) . . l M n cos(#/2) . ^ 
C 2 : ( Y ; sme,-(l + cosO,0, J^ sm ^ 



(5.4) 



where 



S1 ^ = ^TW4' C ° Se= + • (5 ' 5) 

Also in this case, we consider the variational problem for r 6 [—00,00], i.e., for two 
complete circles, and we regularize the area by limiting the integration to r 6 [— T, T]. 
The two circles G\ and C2 are centered at Tb" 1 in the X2-direction, respectively, and have 
radius b~ l (see Fig. a), so that they touch at the origin. More precisely, the regions of 
the two straight lines corresponding to — T < t < T are mapped into the regions of the 
circles corresponding to £ in the range 

bT 7T 

-7r + £ c <£<7r-£ c , < £ c = arcsin y2 - < - , (5.6) 

with £ c approximately equal to £ c ~ b/T for large T. The regions r < — T and T < r of 
the straight lines Li and L 2 are mapped into two arcs of the circles G\ and C 2 , of opening 
angle 2£ c . These arcs have a contact point at the origin, which corresponds to the points 
at infinity r = ±00 of the lines L\ and L 2 . Around the contact point, where the arcs 
can be approximated by their tangents, one sees clearly the appearance of two crossing 
straight lines, which imply therefore the presence of a cusp-like region in the minimal 
surface (see Fig. b, c). 

Indeed, two crossing lines give rise to two pairs of equal angles, namely 9 and 7r — 
9. Since the boundaries correspond to fundamental Wilson lines, they have a definite 
orientation, and so only one pair of angles can contribute. For quark-quark scattering "at 
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Figure 8: The contribution to A^ rk (9, b, T, p) of the two cusps with angle 9 at the origin. 

angle 9" , the relevant minimal surface is defined in the original coordinates by a boundary 
formed by the two lines ( I2.18p . and so it is the pair of angles tc — 9 which gives a cusp 
contribution to the corresponding minimal surface in the inverted coordinates (see Fig. [7J 
b). In order to obtain the minimal surface for quark-antiquark scattering "at angle 9" , 
we have to reverse the orientation of one of the boundaries, as in ( I2.20p . and so in this 
case it is the pair of angles 9 which gives a cusp contribution (see Fig. [7Jc). Of course, 
this corresponds to quark-quark scattering "at angle ir — 9" , as repeatedly pointed out. 

The appearance of these cusps allows to improve the general expression ( 15. ip for the 
regularized area. For this sake, it is convenient to work with the Legendre transform 
prescription of Ref. [25J, in order to get rid of linear UV divergences. It is also convenient 
to work with the minimal surface obtained in the new, inverted coordinates, which as we 
have explained above gives the same result for the area up to an irrelevant constant. Let us 
split the IR-regularized, UV-subtracted area functional evaluated on the minimal surface 
in the inverted coordinates, which we denote with -A^ rk by introducing an intermediate 
time scale p: 

A q ™ k (8, b, T) = AZ" k (9, b, p) + AZ rk (9, b, T, p) , (5.7) 
rp rb/2 

Af: rk {9,b,p)= dr daC, (5.8) 

J-p J -6/2 

A^ k (9, b,T,p)=( I \ F) dr f' 2 da C , (5.9) 

\J-T Jp J J -b/2 

where for the sake of simplicity we did not write explicitly the Legendre transform pre- 
scription terms. It is well-known that when the cut-off T —¥ oo, the cusps of the new 
geometrical boundary defined in ( 15. 4 p (see also Fig. [7J provide a logarithmic divergence 
in the area functional (15. 7p . By introducing an intermediate scale p, which is kept fixed 
in the limit T — > oo, we are able to separate the divergent contribution (15. 9p . which will 
be dominated by the cusp, from a regular, finite part (15. 8p . see e.g. Fig. |EJ The scale p 
is chosen to be large with respect to b (and thus, after inversion, p" 1 is small compared 
to the circle diameter in (I5.4p ). but it is otherwise arbitrary. Using conformal invariance, 
and exploiting the known properties of Wilson loop expectation values j2U |25l [33], we 
have that 

A^ k (9, b, T, p) = 2T? u Jn - 9) log t + H(6, b/T, p/T) , (5.10) 
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where r^, (fi) is a known function for Euclidean angle < Q < it calculated in Ref. [25] . 
and where H(6, b/T, p/T) is finite in the limit T — > oo. The factor of 2 is due to the fact 
that there are two cusp contributions. On the other hand, the term ^4g^ ark must take the 
form A^ rk (9, b, p) = G(6,p/b). All in all, we have therefore 

AgSfiO, b, T) = 2T? usp (n - 9) log t + H (9, 0, 0) + G(9, p/b) + o(T°) , (5.11) 

where o(T°) stands for terms which vanish in the limit T — > oo. As we have already 
said, the scale p is a fixed intermediate scale, allowing to singularize the cusp contribution 
to the area. Now, since p is arbitrary, it should disappear from the right-hand side of 
Eq. (15. lip , and this is possible only if 

G(9, P /b) = -2rf usp (vr - 9) log t + 6(9) . (5.12) 

This can be looked at also in a different way. We can take p to be not an arbitrary 
"external" scale, but the one determined by the exact solution of the minimal surface 
problem, that separates the region where the surface is well approximated by a cusp 
solution from the rest. For dimensional reasons, it must be of the form p — bg(9), so that 
Eq. ( 15.121) again follows. 

In conclusion, comparing the minimal area (15.1 ft with (15. lip , we can writd^l 

* B {b/T, 9) = 2rf usp (7T - 9) log h - + o(T°) . (5.13) 

We notice that Eq. (15. 13j) contains only the contribution of the region around the contact 
point of the two circles, which is related by inversion to the region at infinity of the two 
straight lines. In other words, the b, T-dependent term Eq. (1 5 . 1 3 [) is determined only 
by the initial and final data of quarks, and this reflects well the link between the eikonal 
approximation and the dominance of the cusps. The relation between the cusp anomalous 
dimension and the high-energy behavior of scattering amplitudes is a well-known fact, but 
it is not evident a priori how this relation would show up in the eikonal approach, where no 
cusp is present in the initial setting, in the strong-coupling regime@ The result Eq. (I5.13P 
thus provides a first nontrivial check for the viability of the eikonal approach. 

On the other hand, the function \& e(&) in Eq- (15.11) remains to be determined, which 
would require the exact solution of the minimal surface problem, which is not available at 
the moment. However, it is possible to go further and determine an interesting approx- 
imation by using the "generalized helicoid" ansatz (12.211) . It amounts to find a refined 
estimate of the intermediate scale p, in the "natural" sense discussed after Eq. (15.121) . 
isolating more precisely the (truncated) cusp contribution. 

17 Terms of order o(T°) are actually present in the full expression for at finite T. This can be 

understood from the fact that in the limit 9 — > we should recover the result for two parallel lines, which 
is proportional to T/b. This would be the case if, for example, the exact expression were of the form 
^min k ~ 1°§ [ ex P ( (bjryi+e ) — •"•] l ar g e T: while for 9 ^ one would obtain ~ \og(b/T9), at 9 = one 
would recover the linear divergence ~ T/b. 

18 In the weak coupling regime, the relation between the Wilson-line correlator and the cusp anomaly 
has been investigated in perturbation theory in Ref. |34j . 
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5.2 The "generalized helicoid" ansatz 

Let us go back to the regularized area functional (12.221) derived from the area functional 
(12.19P with "generalized helicoid" ansatz (I2.2ip . discussed in Section 2. Following Ref. [8], 
we make the change of variables 



e^ 2 



a' = a X jl+^—j , z\r,a') = z{r,a{T,a')), (5.14) 
which leads to the following expression for the area functional, 



C =- dr daX 



Z7T 



T 



2 



i + {d aZ y+ \d T z+ tllil) a^l , (5.i5) 



uu— a x T V^o"^; T l^r* 1 -I—p 



where we have dropped the primes for simplicity. As we have already remarked, the ansatz 
(12.2 ip is appropriate for quark-antiquark scattering, as indicated by the subscript 7r — 6. 

It can be realized that, written in the form ( I5.15p . the "generalized helicoid" ansatz 
admits interesting approximate while explicit solutions for both the large and small |r| 
regions. 

i) Small-\r\ region, i.e., 9\r\/b <C 1 

In this region the corresponding contribution to the area functional simplifies to 



fT t-Sb/e rb/2 i 

A T-tL,nr = ^ dT da-Vl + (d„zy + (d T zy, (5.16) 
ll{ J-Sb/e J-b/2 z 



where 5 is some small positive number] 19 ! This functional corresponds to the area 
functional of a minimal surface with planar boundaries, where the symmetries of 
the problem allow to write the solution in the form 

t = r, x = constant , y = a , z = z(t, a) . (5-17) 

Moreover, in our case the boundary is made up of two segments of parallel straight 
lines of length 25b/ 6 at a distance b, for which the solution is known [23]. The 
corresponding (regularized and UV-subtracted) area is 

where the constant c = 87r 3 /r 4 (l/4) is the coefficient in front of the (screened) 
coulombic potential [23] . One immediately sees that after analytic continuation this 
contribution is vanishing with energy, both for the quark-quark (6 — > n + ix) and for 
the quark-antiquark {9 — > —ix) s-channel scattering processes, in the limit x ~ >* 00 • 



3 Eq. (|5.16[) can be obtained directly from Eq. (|2.22[) in the small-r region. 
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ii) Large-\r\ region, i.e., 0\r\/b 3> 1 

Eq. ( I5.15P is also suitable for an analytic solution in the large r region. Neglecting 
1 against Or/b, the area functional simplifies to 



"SSL., = §{C + jQ* l^°^ 1+{d ° z)2+ ^ z+ >. 

(5.19) 

where A is some large number. Away from the boundary, where \o~/t\ is small, 
Eq. (15.191) can be further approximated as 



^l,„ g „ = ^ (/_"' + Q* /^i^/WM 1 . (5.20) 

We have again to deal with a minimal surface with planar boundary, which this 
time consists of two segments of straight lines at an angle 9, 

, s 9t , 
a ± (r) = ±—, (5.21) 

with \r\ E [Ab/9,T]. The solution is immediately seen to be made up of two parts, 
each corresponding to a piece of the solution for a cusp of angle 9 (cf. Fig. |HJ), and 
the resulting (regularized and UV-subtracted) area is 

4E?(* - 9, b, T) | larger = 2rf usp (0) log ^ . (5.22) 



This result is in agreement with the general form (15.11) for the minimal areao and 
moreover allows to determine the "natural" choice of a ^-dependent scale p ~ Ab/9, 
discussed after Eq. (15.121) . which separates the near-cusp region from the rest in the 
inverted coordinateso Indeed, up to the constant A, whose precise value cannot be 
determined at the present stage, we have that p oc b/9. The factor 1/9 could not 
be predicted with the general arguments of the previous subsection: its important 
role will become clear after analytic continuation to Minkowski space. Let us finally 
remark that Eq. (I5.22p gives also an estimate of the function ^ e{9) in Eq. (15. ip : 

21^,(0) log-, (5-23) 

up to the term Eq. (15.181) . which as we have explained gives a vanishing contribution 
after analytic continuation, and up to possible contributions from the intermediate 



20 We note in passing that this agreement is for two reasons in favor of our choice of using the ansatz 
(|2.21|) : we obtain the cusp contribution predicted by our general considerations, and also the 9 fac- 
tor inside the logarithm which is expected, after analytic continuation, by comparison with the Alday- 
Maldacena and the Barnes- Vaman amplitudes. 

21 Note that the divergence in A 1 ^^ (tt — 9, b,T) | largeT comes from the large-r region, i.e., far away 
from the cusp appearing in the original coordinates, which corresponds to the near-cusp region in the 
inverted coordinates. 
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region r9/b e [5, A], as well as from the region a ~ (9/2)r. In a senser 2 ! the constant 
A stands for our ignorance about the b, T-independent term ^/ E (9). 

We are now ready to perform the analytic continuation. Neglecting subleading contri- 
butions, and considering for definiteness the quark-quark s-channel, so that the relevant 
analytic continuation readJ 23 ! 

9^n + ix, T^iT, (5.24) 
with x ~ l°g( s /^ 2 )> s > 0, we obtain 

J&t'(X, 6, T) = 2r cusp ( X ) log - -j-^-tt = 2r cusp ( X ) log A + ^(x) , 

(5.25) 

where we have used r^ sp (7r + i X ) = r cU s P (x) [20] ■ Taking the limit x ~ ^ °°> we obtain for 
the 6, T-dependent term and for the leading ^-dependence 

^/(x^T) = -^xlog^ + 0(x) , (5.26) 

2 Tx 

where we have used Eq. (14.251) . which also implies that the auxiliary function ^/ S M ( X ) = 
0{\) in (E2DJ. 

The u-channel quark-quark amplitude, 

A^ U ( X , b, T) = exp [-A*g£(x, b, T)] (= i| uark (7T + i X , b, iT)) , (5.27) 

that we shall use in the next subsection for the comparison with the results of the Alday- 
Maldacena approach, is obtained by means of the crossing-symmetry relations fl2.12j) . i.e., 
through the analytic continuation 23 

9^-ix, T^iT, (5.28) 

with x ~ l°g( — S /M 2 ), u ~ — s > 0, which yields 

A q ™ k M U (x, b, T) = 2r cusp ( ? vr - X ) log ^ = 2r cusp (*vr - x ) log A + fr M { x ) . (5.29) 



22 The above-mentioned contributions are not expected to change too much the results above, Eqs. (|5.22[) 
and (|5 . 23|) : the intcrmediate-r region should somehow interpolate between Eqs. (|5 . 18[) and (|5.22l) . while 
the near-boundary region basically contributes the UV-divergent 1/e term which is removed by the 
Legendre transform prescription, and so the exact behavior of the surface in this region should not affect 
too much the result. Although these issues require further work to be clarified, we believe that these 
terms lead to contributions subleading in energy (or at most of order 0(x)) after analytic continuation, 
which can therefore be safely neglected without altering our conclusions. 

23 See Eq. (gUp . Note that we are working with A^ k (jT - 0, b, T). 
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Although the exact value of r cusp (i7r — x) is n °t yet known, we expect that its large- x 
behavior coincides with that of r cusp (x) (this is actually the case in perturbation the- 
ory EH]), so that in the limit x ~ ► 00 the leading term read@ 

<i?M U (xAT) = -^Xlog^ + 0( X ) , (5.30) 

which also implies that the auxiliary function in the w-channel verifies ^> U M = 0(x)- 

Our result (I5.30P calls for a comment related to the initial approach of Ref. [8]. In 
Ref. [S], the functionals (I2.22p and (15.1 5p were the starting point for an approximate 
evaluation of the area of the minimal surface. In particular, the aim of the authors 
was to determine the T- independent, IR- finite contribution to the area. To this extent, 
neglecting the non-diagonal terms in d T z, d a z in Eq. (15.151) . they performed the angular 
part only of the analytic continuation, i.e., 6 — > —ix (see Eqs. (31)-(34) in Ref. [8]). 
The T-independent part of the resulting functional turned out to be the area ^4 e nip Se of 
a simpler minimal surface, living in Euclidean AdSs, and having as boundary a half- 
ellipse of width b/x and height b. Finally, the approximate evaluation of A e u ipse led to the 
following result: 

Ellipse = -2r cusp ^- J log — — -T^^-X, (5.31) 

where (tt/2) is the Euclidean cusp anomaly calculated in Refs. [251 EQ] and c is the 
same constant as that in Eq. (15.181) . The scale Mg 1 is the inverse mass of the P^-bosons 
playing the role of "Euclidean quarks", see Section 2, and corresponds to the position of 
the D3-brane which acts as UV cutoff. 

Our present study gives a different and improved answer to the problem initiated by 
Ref. [8], as shown by comparing (I5.30P and (I5.3ip . In this paper we have gone beyond 
the approximations made in Ref. [8], whose results suffer from the limited knowledge on 
minimal surface solutions for scattering amplitudes available at that time, in particular 
regarding the geometry relevant for quark-quark scattering in the eikonal approach. The 
key point here are the non-diagonal terms in the area functional (I5.15p . which cannot be 
neglected in the region considered in Ref. [8] . Though functionally similar to (I5.30P (by the 
interchange of r^ sp (7r/2) with r cusp (z7r — %)), the expression (15.311) does not contribute 
a non-factorizable factor to the amplitude. Moreover, the expression (I5.3ip shows the 
appearance in the logarithmic term of the UV-cutoff M B . As discussed above, M B should 
drop from the area when UV divergencies have been removed. 

5.3 Eikonal vs. Alday-Maldacena approach 

Let us finally compare our results for quark-quark scattering, obtained in the eikonal 
approach, with the ones obtained for gluon-gluon scattering using the Alday-Maldacena 
solution. Since we are interested in the high-energy Regge behavior of the amplitude, 

24 The same high-energy limit is obtained by means of the usual analytic continuation of the area f|5 . 26[) 
in terms of the Mandelstam variables, s — > e~ ln u. 
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this is a sensible comparison to be made, due to the universality property discussed in 
Section 4. 

For convenience, we rewrite here the w-channel quark-quark scattering amplitude ob- 
tained with the eikonal approach (see Eqs. (I5.27P and ([52 



- log A^( X ,b,T) = ~4^1og^ + 0( X ) = -^Xlog^ + 0(x) , (5.32) 

where we used x — X + log(m 2 /M 2 ), see Eqs. (I2.13P and (I4.17p . and also the gluon-gluon 
scattering amplitude in impact-parameter space and in the Regge limit obtained with the 
Alday-Maldacena approach, Eq. (I4.22p . 



, JgiuoB^ , v /(A) M mb \f{\)( /(A) ,tt\ g(X) 
lo g^AM (X,b,m) = — xlog-^- + x ~2~[ g ^2^~ l 2 J 



+ ••• , (5.33) 



where we have made explicit the dependence of the amplitude on the IR regulator m, and 
we have specified which approach has been used with appropriate subscripts 1^1 

Examining the expression for the quark amplitude (I5.32p following the order in the 
expansion of the exact expression (I5.33P for the gluon one, the following consequences can 
be drawn: 

i) First term 

The first term exactly coincides with the leading term (I4.26P obtained in the case 
of gluon-gluon scattering from the Alday-Maldacena solution, up to a rescaling 
T — > m -1 , i.e. up to a shift 

-M^ log mT = 0(x) 



which plays a role at next to leading order only. Looking back to the discussion of 
the exact gluon-gluon amplitude (I4.5p . we noticed that the first term in its impact- 
parameter representation Eq. (I4.22p . coinciding with (I4.26P at high energy, was at 
the origin of the Regge nature of the amplitude, and of the t-dependent part of 
the Regge trajectory (14. 9p . This implies that the quark-quark (and also quark- 
antiquark) scattering amplitude is of Regge type, and that the t-dependent part 
of the Regge trajectory is indeed the same obtained in the Alday-Maldacena ap- 
proach. 

Hence the main conclusion is that the same Regge factor (— s)~(/( A )/ 4 ) lo s(-*) ap- 
pears in the (s, t) -represent at ion of both amplitudes. This corresponds to the 
fact that both amplitudes in impact-parameter space contain the same term, i.e., 
2r cusp (x) log[(mass) -b/x]. In particular, we notice that the t-dependent part of the 
Regge trajectory comes entirely from the non-factorizable term 2r cusp (x) log[(mass) • 



25 The u-channel quark- antiquark scattering amplitude, i.e., the s-channel quark-quark amplitude 
-^cikonai S (x^,T) corresponding to Eq. (|5.26[) , is exactly of the same form of Eq. (|5.32[) , so our conclusions 
apply to this case as well. 
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b], which has been obtained through the general considerations of Section 5.1 (see 
Eq. (I5.13P ). This is therefore a robust result, independent of the approximations 
performed in Section 5.2. It is also interesting to note that the leading term of or- 
der x log X i n t ne factorized x-dependent part appears to be the same, while coming 
from seemingly different origin in the two cases: in the quark amplitude it comes 
from a refined evaluation of the cusp contribution, see e.g. (I5.23p . with the "gener- 
alized helicoid" ansatz, while in the gluon case it comes from the Fourier transform 
factor ( I4.19p after analytic continuation. As we have already remarked, this term is 
essential in order to obtain an amplitude of Regge type. 

) Second term 

The 0(x) term in f)5.32p is compatible with Regge behavior. At the present stage we 
are not able to find a precise evaluation of this term, which could be obtained from 
the full solution of the minimal surface problem. However, as it has already been 
shown for the gluon case (see Eqs. (I4.8p - fl4.10l) ). it may affect only the factorized 
part of the amplitude, which depends on the regularization scheme. In particular, 
the t-dependent factorized term of the amplitude is not expected to be universal, 
but to depend on the species of the scattering particles. 

) / log / term 

The / log/ term in f)5.33p may seem puzzling at first, since no term of this kind 
can be found in the expression for the area of the minimal surface in the eikonal 
approach. However, its origin becomes evident when one recalls that the radial 
coordinates r and z used in the two approaches are related as r = 
so that an appropriate conversion factor has to be used when comparing the IR 
cutoffs. This is particularly clear if one uses the radial cutoff r c , which, as we 
have discussed above in Section 4, is related to the cutoff m in the dimensional 
regularization scheme as m = m^/2/e = r c j (27ry / e). In turn, r c can be expressed as 
r c = R 2 /z c = a/A/2: c in terms of the radial coordinate z, with z c — > oo when the IR 
regularization is removed, which is appropriate for comparing the Alday-Maldacena 
result with the eikonal approach. Expressing the leading term in Eq. ( I5.33|) in terms 
of this new cutoff, we see that the / log / term actually gets cancelled, and we obtain 
the expression 

- log^TXx, 6, z c ) = -M* log _ l^l x (i _ log ^2 + »0 + • • ■ . (5.34) 

The cutoff z c can now be identified with T, up to numerical factors which affect 
only the regularization-scheme dependent part of the amplitude. In other words, 
the shift proportional to log mT, discussed above in point i), naturally contains the 
appropriate "counterterm" which makes / log / drop from the complete expression. 

) Gluon- gluon scattering 
To conclude this section, we want to briefly discuss how the technique applied above 
to quark-quark scattering is extended to the case of gluon-gluon scattering. Recall 
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from Section 2 the expressions (12.261) and (12.28P for the "octet" component of the 
amplitude. Using large- N c factorization and minimal surfaces, we have to leading 
order in N c 

(trWjtrWjtrfWiWb]) ~ (trWf)(trW^)(tr[W^W 2 ]) 

~iv c 3 (i + e -^r k (^T)^ (5 35) 

(trH^trWjtrfWjW^]) ~ (tiWi) (tiW%) (ti[wlw 2 ]) 

(|trW^trW 2 | 2 ) ~ |(trWi)(trW 2 >| 2 ~ , (5.37) 
and moreover Zy ~ ^2 (trW / i )(trW / /) ~ 1. We therefore conclude that 

3 / 7 quark, s i r rp\ Tquark, u i 



7+ T K A«ZZi(x,b,T)-A«ZZ?(xAT)l (5.38) 



c . C y 

fl . T ^fen^^^^+^nal^X^:^). (5.39) 

As already anticipated in the Introduction, the calculation in the gluon-gluon case 
reduces basically to that of the quark-quark case. Moreover, it is evident from 
Eqs. (I5.38P and (15.391) that the high-energy behavior is the same in the two cases. In 
particular, together with the expressions (15.261) and (15 .30[) (I5.32j) for the high energy 
behavior of the quark amplitudes, this result shows that also the "octet" component 
of the gluon-gluon scattering amplitude is of Regge type, with the same gluon Regge 
trajectory as in the quark-quark case, and therefore with the same t-dependent part 
of the trajectory found by Alday and Maldacena. As a final remark, we want to stress 
the fact that universality is shown in a simpler way in the eikonal approach, thanks 
to the fact that the basic object in the computation of the scattering amplitude is the 
correlation function of the same Wilson lines, differing only for the representation 
in which they are taken. 



6 Summary, comments and outlook 



In this work we have investigated the Regge behavior of high-energy amplitudes in M =4 
supersymmetric Yang-Mills theory at strong coupling, using the AdS/CFT correspon- 
dence in two different ways. For this sake we have analyzed these amplitudes in the dual 
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gravity theory, where they are obtained as the (regularized) area of minimal surfaces in 
Minkowskian AdS and hyperbolic (or "Euclidean AdS") backgrounds. We summarize 
here the main points. 

i) In order to make easier the comparison with the eikonal approach, the Alday- 
Maldacena four-gluon amplitude [2J, obtained from a minimal surface in Minkowskian 
AdS, has been put in a Regge form [2U1 EE]> see formulas (14. 8 p and (14. 9p . namely 

A(8,t) = ftt)( — ) kCA—) (— 2 ) , (6.1) 
where m is an IR cut-off and a(t) is the Regge trajectory, 



<.(«) = -^g + ^ + l. (6-2) 



C e is a regularization-dependent constant, and the functions /(A) and g(X) have been 
defined in Eqs. (14. 2J . It is known that the trajectory is identified with the gluon 
Regge trajectory |21] , corresponding to the exchange of gluon quantum numbers 
between the colliding particles. The same t-dependent part of the Regge trajectory 
is found in the quark-quark elastic scattering calculation of Ref. [6], in accordance 
with the expected universality of the Regge behavior. 

In order to compare this to the results obtained in the eikonal approach, we have 
also studied the corresponding impact-parameter representation, where the Regge 
nature of the amplitude is encoded in the leading factor (mb/x)~^~ x - 

ii) We have computed the "octet" -exchange component of the quark-quark and quark- 
antiquark elastic amplitude at high-energy in the impact-parameter representation, 
by using the eikonal method in hyperbolic space [8]. This amounts to consider the 
(regularized) minimal surface corresponding to a "generalized helicoid" in hyperbolic 
space, i.e. the surface bounded by two straight lines at the Euclidean boundary. By 
performing a conformal transformation, we have shown that the minimal area is 
dominated by the contribution of two identical cusps, which leads to the same t- 
dependent part — (/(A)/4) log(— t/m 2 ) of the Regge trajectory (16.21) . where /(A)/4 
is the coefficient of the cusp anomalous dimension in Minkowski space (I4.25p . This 
shows the compatibility between the two a priori very different approaches, making 
us confident in the viability of the eikonal method in the physically interesting case 
of QCD, where the Alday-Maldacena method is not available. 

iii) We have also computed the "octet" -exchange component of the gluon-gluon elastic 
scattering amplitude in the eikonal approach, which boils down to a linear combina- 
tion of the corresponding results for quark-quark and quark- ant iquark scattering. In 
this way we have shown universality of the Regge behavior in the framework of the 
eikonal method, which is obtained in a simpler way than in the Alday-Maldacena 
approach. 
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Let us finally propose an outlook on open questions. 

The Alday-Maldacena solution (12. 6p in the position space is described in terms of 
complex coordinates, namely the target space is extended to the complexified AdS§. We 
have generated the new minimal surface (13. lip from Eqs. (I2.6p by performing the Wick 
rotation of the time coordinate of AdS^, as well as of the two world-sheet coordinates. 
The resulting surface is embedded into the ordinary Euclidean AdS$, and its boundary 
lies in the UV region (i.e, near the boundary z = of Euclidean AdS^), while on the other 
hand the surface described by the Alday-Maldacena solution has its boundary in the IR 
region of (Minkowskian) AdS^,. We have found that the UV boundary of our solution 
is a set of multiple helices; in particular, in the forward Regge limit, — s — > oo with —t 
fixed, the boundary reduces to a double helix. This hints to the existence of a helicoid 
structure common to the two approaches, which however results in different surfaces in the 
Euclidean AdS background, in some sense "dual" under interchange of two boundaries of 
a truncated helicoid, see Fig. |HJ Further studies are required in order to fully understand 
this similarity. 

In order to perform the comparison between the two approaches, we have calculated 
both scattering amplitudes in the same Minkowskian impact parameter (b, s) -represent at ion 
The amplitudes consist of non-factorizable and factorizable parts with respect to b and 
s. The area of both minimal surfaces contains the same leading non-factorizable term 
2r cusp (x) \og(mb/x) with x ~ logs (under the rescaling m — > T -1 , and up to sublead- 
ing terms), compare (I5.32|) with (I5.33p . which leads to the same i-dependent part of the 
Regge trajectory, as we have already remarked. The exact subleading term has not yet 
been obtained in the eikonal approach, which requires the exact solution of the "general- 
ized helicoid" problem. 

An important point concerns the physical relevance of the subleading terms in x- Such 
terms are not known in the eikonal approach, due to the lack of an exact solution for the 
minimal surfface. However, such terms are finally involved in the regularization-scheme 
dependence, and one may ask what is their physical relevance. Stated differently, would 
we know more about the physics of scattering amplitudes if we knew those terms exactly? 
This is an open problem for future investigations. 
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